
 

7 Integration

7 1 The Riemannian Integral
In this paragraph we define the integral
of step functions as a first step Then we

proceed to extend this notion of integration to
more general functions through a limiting
procedure using step functions
Let in the following as ca ab e os

Definition 71 step function

A function 4 la b IR is called a

step function if for a decomposition of I Lab
into disjoint sub intervals

a to t s c tu a tu b
there are constants c ca cu e IR such that
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The values of 4 at the points tr given by
4th are arbitrary
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Yet now Sla b be the set of all step
functions 4 a b IR We now show

that slab is a sub vector space of the
vector space of all real functions
f a b R

Lemma 7 l
The set slab is a sub vectorspace of
the vector space of all real functions i e

i O E Sla b
ii 4 21 e S la b 4 4 e slab
iii 4 e S la b te IR 24 E Sla b



Proof
The properties i and iii are trivial We
show here property ii Let 9 be defined
through the subdivision

2 a Xo X L Xu b

and 4 with respect to the sub division

2 a x ex L Xml b

Now let a to t c tie b be the
subdivision of la b which contains all points

of Z and Z

to t tk x x xu U xd xi i x'm

Then 4 and 4 are constant on every
sub interval ftp tj therefore 4 4 is also

constant on ftp tj Therefore
Hye S a b

I

Definition 7 2 Integral f stepfunction
i Yet ye Sla b be defined with respet to
the sub division a Xo x xu b



and let 41µm Ck for K l in

Then set

afbkxldxi E.cr.CH Xie

Remark 7.1 Geometric interpretation

If 4th 0 for all xela b one can interpret

Sable dx as the area lying between the

x axis and the graph of 9 If he is

negative on some sub interval then the

corresponding area is counted with a

negative sign
Yn
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Ii For the integral d of a step function
to be well defined one has to show that

the definition is independent of the
sub division of the interval a b

Let therefore
2 a Xo CX Xu b

Z a to a t s Ltm b

be two different sub divisions with

Hexi x
G 41ft tj si

Set
y Ci Gi xi il f it Eiichi ti

we have to show f 4 1 4

Case 1

Every point in Z is also a point of Z
so Xi try Then

Xi t ki L t ki 1 C try Xi Kien

and Cj Ci for Ki Cj ski Thus
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Case 2

Let 2 and Z be arbitrary and let 2
be the sub division which contains all points

of Z and Z Then case 1 gives

14 1 9 1 a

Proposition 7 l Linearity and Monotomy

Let 4 4 e S la b and re IR Then we have

i fab 4 21 G dx Ta 467 dx t 4G dx

ii Jab fry G dx a fabHx dx

iii 9 c 4 Hx dx E Mdx



where we have defined for functions
4,21 a b R

4 E 4 4G E 4G for all xelaib

Proof
According to Remark 7 I ID 4 and 4 can

be defined with respect to the same sub division

of the interval lab The claims of the
Proposition are then trivial

I

Definition 7 2

Let f a b IR be an arbitrary bounded

function Then

fdx inf 9 dx 19 es la b 4 f

Ifdx sup f d 4e staid 4 f

are called the upper and lower

Riemann Integral CR Integral off



Example 7 l
i For the step function tesla b we have

46 dx G dx 467dx

ii Let f o I R be the Dirichlet function

fG
1 if X E Q

o if x et Q

Then we have

IfG dx l and fCx7dx 0

Remark 7.2

In general we have fG7dx E fG7dx

Definition 73

A bounded function f la b R is called

Riemann integrable if
ftp.cxldx febflxldx



In this case are defines

afbfcxldxt f.FI Dx
Remark 7.3

This definition coincides with the definition

of integral in the case of step functions and
is compatible with it

Indeed for every step function 4 f we

have fabfdx s yd therefore f f E FT
Analogously we get ff Lf Thus if
fdx fdx it follows Ifdx Ifdx fdx
Yn
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Proposition 72
A function f la b R is R integrable

if and only if for each E o there exist

step functions 9,4 e Sla b s t
Y e f E Yand
Jay d fabacadx e E

Proof
This follows from the definition of iaf
and sup 17

Proposition 7.3

Every continuous function f lab R

is integrable
Lemma 7 2

Let f a b IR be continuous Then for
each e 0 there exist step functions
9,21 la b IR such that
i 467 E f x 2 4G for all xe a b

ii 141 1 21671 E E for all xela b



ProofI
As fab is a closed interval f is bounded

Thus for so there exists g o s t

If f G Icc tray c La b with Kyles

uniform continuity omit the proof here
in pictures

The Sr formYr
a finite sub division

e of ca b
I choose

E t 8 main 8k
f l
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Ln I s
9 S f k b

choose n such that b a In a S and set

tu a t k b for K o in

This gives a sub division
a to t s atm a tub

with tr try S Fa I s ke n set
Get sup fall tie Ex Etr
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Corollary 4.2 er ft and ai f for
some points 3k he e Ita tr and 17 Tiles
Thus

Ice Cri l c E t K

we now define step functions 4,4 la b R

as follows
Mx Ck 2161 de for tie Ex e tu Goeken

4lb 4 tu i 4lb 21 tu
With these definitions conditions
i and ii are satisfied

11

Proof Prop 7 3

According to Lemma 7
2 there exist for

given E o step functions 4,4 E Sla b

with fey and

467 UG E tf x c fails

Thus we get from Prop 7 I

467dx 4Cx dx Cuca head dxE
a

a
e

Prop 7 2 f is integrable I


